APPENDIX A3

Tables of Homotopy Groups of Spheres
The Adams spectral sequence for p = 2 below dimension 62. The AdamsNovikov spectral sequence for p = 2 below dimension 40. Comparison of Toda's, Tangora's and our notation at p = 2. 3-Primary stable homotopy excluding in J.
5-Primary stable homotopy excluding in J.
In this appendix we collect most of the known values of the stable homotopy groups of spheres for the primes 2, 3, and 5. Online graphic displays of these are given by Hatcher [?] . The results of Toda [?] on unstable homotopy groups are shown in Table A3 .6. A table of unstable 3-primary homotopy groups up to dimension 80 can be found in Toda [?] .
Extensive online charts of various Ext groups over the Steenrod algebra have been provided by Nassau [?] and Bruner [?] .
In Figs. A3.1a-c we display the classical Adams E 2 -term for p = 2, Ext s,t A (Z/(2), Z/(2)) for t − s ≤ 61, along the differentials and group extensions. The main reference for the calculation of Ext is Tangora [?] , which includes a table showing the answer for t − s ≤ 70. We use his notation for the many generators shown in Ext. His table is preceded by a dictionary (not included here) relating this notation to that of the May spectral sequence, which is his main computational tool. In our table each basis element is indicated by a small circle. Multiplication by the elements h 0 , h 1 , and h 2 is indicated, respectively, by vertical lines and lines with slopes 1 and 1 3 . Most multiplicative generators are labeled, but there are a few unlabeled generators due to limitations of space. In each case the unlabeled generator is in the image of the periodicity operator P (denoted by Π in Section 3.4), which sends an element x ∈ Ext s,t to the Massey product (Section A1.4) Mahowald (unpublished) and are included here with his kind permission.
Exotic group extensions and some exotic multiplications by h 1 and h 2 are indicated by broken lines with nonnegative slope. Figure A3 .1a. The Adams spectral sequence for p = 2, t − s ≤ 29.
In Fig. A3 .2 we display the Adams-Novikov E 2 -term for p = 2 in the range t−s ≤ 39. The method used is that of Section 4.4, where the calculation is described in detail through dimension 25. The small circles in the chart indicate summands of order 2. Larger cyclic summands are indicated by squares. All such summands in this range have order 4 except the one in Ext 5,28 , which has order 8. The solid and broken lines in this figure means the same thing as in Figs. A3.1a-c as described above. This figure does not include the v 1 -periodic elements described in 5.3.7, i.e., the elements in the image of the J-homomorphism and the elements constructed in Adams [?] .
In Table A3 Tables A3.4 and A3.5 we do the same for the primes 3 and 5, recapitulating the results obtained in Sections 7.4 and 7.5, respectively. Again we omit the v 1 -periodic elements described in 5.3.7, which in these cases are (in positive dimensions) precisely im J, i.e., Z for k = 0 and
where t = sp m and s is prime to p. In Fig. A3 .6 we reproduce the table of unstable homotopy groups of spheres through the 19-stem, given in Toda [?] . 
a All element have order 2 unless otherwise indicated. (im J and µ 8k+1 , µ 8k+2 omitted.) 561 β 1 2β 2 β 9 with β 1 β 2 γ 2 =?β 1 2β 2 β 9 476 β 1 β 10/5 = α 1 , β 1 β 6 , β Table A3 .5 (continued) Table A3 .6. Toda's calculation of unstable homotopy groups π n+k (S n ) for n ≤ k + 2 and k ≤ 19.
For n > k + 1 the group is isomorphic to the one for n = k + 
